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Abstract

We consider a version of the imperfect competition model of Butters (1977), Var-
ian (1980) and Burdett and Judd (1983) in which sellers make an ex-ante investment
in the quality of their variety of the product. Equilibrium exists, is unique and is
effi cient. In equilibrium, search frictions not only cause sellers to offer different sur-
pluses to buyers but also cause sellers to choose different qualities for their varieties.
That is, equilibrium involves endogenous vertical differentiation. As search frictions
decline, the market becomes more and more unequal as a smaller and smaller frac-
tion of sellers produces varieties of increasing quality, offers increasing surplus to
their customers, and captures an increasing share of the market, while a growing
fraction of sellers produces varieties of decreasing quality. Gains from trade and wel-
fare grow. Under some conditions, the growth rate of gains from trade and welfare
is constant.
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1 Introduction

The search-theoretic model of the product market of Butters (1977), Varian (1980), and
Burdett and Judd (1983) has become one of the leading frameworks to study imperfect
competition. The model is simple. Sellers set prices. The search process is such that
each individual buyer comes into contact with a finite number of randomly selected sell-
ers. The model spans the competitive spectrum going from perfect monopoly to perfect
competition as the number of buyers who are in contact with multiple sellers relative to
the number of buyers who are in contact with only one seller goes from zero to infinity.
The framework has been usefully applied to the analysis of price dispersion (e.g., Baye,
Morgan and Scholten 2006, Hong and Shum 2006, Bethune, Choi and Wright 2020), sales
(Varian 1980), price stickiness (Head, Liu, Menzio and Wright 2012, Burdett, Trejos and
Wright 2017, Burdett and Menzio 2018, Wang, Liu, and Wright 2020), macroeconomic
fluctuations (Kaplan and Menzio 2016). Despite its popularity, the framework can still
be improved in a fundamental way. In particular, sellers are typically assumed to be
either homogeneous or heterogeneous in an arbitrary and exogenous way. In this paper,
we contribute to the development of the framework by characterizing the properties of
equilibrium in a version of the model in which sellers make an ex-ante investment in
the quality of their variety of the product. This opens up the possibility of endogenous
heterogeneity across sellers.

We study a frictional product market in the spirit of Butters (1977), Varian (1980)
and Burdett and Judd (1983) in which sellers invest in the quality of their variety of the
product and, hence, can vertically differentiate themselves. The market is populated by
ex-ante identical sellers and ex-ante identical buyers. Each seller chooses how much to
invest in the quality y of its variety of the product, where y represents the buyers’utility
from consuming that variety. The seller then chooses how much to charge for its variety.
Each buyer has a unit demand for the product. The buyer comes into contact with a finite
number n of randomly selected sellers, where n is drawn from a Poisson distribution with
mean λ. The buyer observes the quality and the price of the variety offered by each of
the n sellers, and decides whether and where to buy. Lastly, sellers produce their variety
of the product to meet their demand, and do so at a marginal cost normalized to zero.

In the first part of the paper, we establish the existence, uniqueness and properties of
equilibrium. Our main finding is that, in equilibrium, the distribution of quality across
sellers must be non-degenerate. Imagine an equilibrium in which all sellers choose the
same quality for their variety of the product. These sellers offer different surpluses to
their buyers for the same reason that they charge different prices in Burdett and Judd
(1983). The reason that the distribution of quality across sellers must be non-degenerate
in our equilibrium is different. The seller that offers the lowest surplus only trades with
the buyers it meets who contact no other seller. The seller that offers the highest surplus
trades with all of the buyers it meets. If the seller that offers the lowest surplus deviates
and marginally decreases its quality, it would still find it optimal to offer the same surplus.
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Hence, this seller’s fall in revenues would be proportional to the quantity of output that
it sells, which is low. If the seller that offers the highest surplus deviates and marginally
increases its quality, it would still find it optimal to offer the same surplus as before.
Hence, this seller’s increase in revenues would be proportional to the quantity of output
that it sells, which is high. The absolute value of the marginal design cost is the same
for the two sellers. Since the absolute value of the change in revenues is strictly smaller
for the seller offering the lowest surplus than for the seller offering the highest surplus, at
least one of them would have an incentive to deviate.

Intuitively, search frictions call for an equilibrium in which there is heterogeneity in
the surplus offered by different sellers. In turn, the heterogeneity in surplus generates
heterogeneity in the quantity of output sold by different sellers. And the heterogeneity
in the quantity of output sold by different sellers generates heterogeneity in the marginal
benefit of increasing quality for different sellers. The heterogeneity of marginal benefit is
not compatible with all sellers having the same marginal cost of increasing quality and,
hence, with an equilibrium in which they all choose the same quality.

The equilibrium must eliminate the discontinuity in the marginal benefit of increasing
quality for sellers offering a different surplus. This is accomplished by a non-degenerate
distribution of quality across sellers with the following properties: (i) the lowest quality
is such that the marginal cost of increasing quality is equal to the quantity of output
sold by the seller offering the lowest surplus; (ii) the highest quality is such that the
marginal cost of increasing quality is equal to the quantity of output sold by the seller
offering the highest surplus; and (iii) the quality at the x-th quantile of the distribution
is such that the marginal cost of increasing quality is equal to the quantity of output sold
by a seller at the x-th quantile of the surplus distribution. Since sellers with a higher
quality find it optimal to offer more surplus to their customers, it follows that the quality
distribution does not admit any profitable deviations. If the seller with the lowest quality
were to reduce the quality of its variety, the reduction in cost would be no more than the
reduction in revenues. If the seller with the highest quality were to increase the quality
of its variety, the increase in cost would be no less than the increase in revenues. For any
quality between the lowest and the highest, the marginal cost and the marginal benefit of
increasing quality are equal.

The equilibrium quality distribution can be derived in closed form using the properties
(i), (ii) and (iii) listed above. The equilibrium surplus function, which maps the quality
of a seller’s variety into the surplus that the seller offers, can be derived in closed form by
solving a differential equation obtained from the seller’s first-order condition with respect
to the surplus. We find that this is the unique equilibrium of the product market. We
also find that the unique equilibrium is effi cient– in the sense that it decentralizes the
solution to the problem of a utilitarian social planner.

In the second part of the paper, we examine the effect of a decline in search frictions
due to, say, improvements in information, communication, or transportation technolo-
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gies that make it easier for buyers to locate and access a larger number of sellers. We
model a decline in search frictions as an increase in λ, the average number of sellers
contacted by each buyer. We find that a decline in search frictions leads to higher sales
concentration– in the sense that it increases the quantity of output sold by larger sellers
(sellers who produce a higher-quality variety, offer higher surplus and sell to more buyers)
and it lowers the quantity of output sold by smaller sellers (sellers who produce a lower-
quality variety, offer less surplus, and sell to fewer buyers). Higher sales concentration
affects the sellers’incentives to invest and, in turn, leads to quality polarization– in the
sense that it further increases the quality of the variety produced by high-quality sellers,
and it further decreases the quality of the variety produced by low-quality sellers. Higher
sales concentration and quality polarization together lead to an increase in revenue con-
centration. These phenomena, which are typically associated with market dysfunction,
are here the effi cient response to a changing environment. Intuitively, when search fric-
tions become smaller, it is effi cient for a small fraction of sellers to invest more in quality
and serve a larger fraction of buyers. Moreover, while these phenomena are typically
associated with increasing market power, here they are a consequence of the increase in
competition brought about by declining search frictions.

We then examine the effect of declining search frictions on the gains from trade– i.e.
the sum of the buyers’and sellers’payoffs excluding the sellers’investment in quality– and
on welfare– i.e. the sum of the buyers’and sellers’payoffs including the cost of sellers’
investment in quality. We find that declining search frictions increase the total gains from
trade, the buyers’gains from trade and the sellers’gains from trade. We find that declining
search frictions increase total welfare, increase the buyers’welfare and reduce the sellers’
welfare. It is not surprising that lower search frictions increase the gains from trade and
welfare. Lower search frictions increase welfare because the equilibrium decentralizes the
solution of the social planner problem and, from the perspective of the social planner,
relaxing constraints on trade is beneficial. Lower search frictions increase the gains from
trade because they allow buyers to meet more sellers and, hence, to purchase varieties
with higher quality. Moreover, lower search frictions induce the largest sellers to increase
the quality of their varieties. It is, however, surprising that lower search frictions have
opposite effects on the gains from trade and on the welfare going to the sellers. Intuitively,
the welfare of the sellers decreases because lower search frictions increase the extent of
ex-ante competition among sellers. The gains from trade of the sellers increase because
the increase in ex-ante competition is offset, ex-post, by the growing differences in the
quality of the varieties produced by different sellers.

If search frictions decline at a constant rate, in the sense that λ increases at a constant
rate gλ, the market does not follow a Balanced Growth Path (BGP). Indeed, as λ increases,
the shapes of the quality distribution and of the surplus distribution change and become
more and more skewed. However, if the cost of designing a variety of quality y has a
constant elasticity γ with respect to y, the market payoffs do grow at a constant rate.
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In particular, the gains from trade grow at a rate that converges to gλ/(γ − 1), and the
shares of the gains from trade accruing to buyers and the sellers converge to two strictly
positive constants. Welfare grows at a rate that converges to gλ/(γ − 1), the share of the
welfare accruing to buyers converges to 1, while the share of the welfare accruing to sellers
converges to 0. The constant growth rate of market payoffs gλ/(γ − 1) is equal to the
rate at which search frictions decline, gλ, times the return to declining search frictions,
1/(γ − 1), which captures the elasticity of the quality of the best variety in the market
with respect to λ.

The first part of the paper is a contribution to search-theoretic models of imperfect
competition in the spirit of Butters (1977), Varian (1980), Burdett and Judd (1983) and
Burdett and Mortensen (1998). The original versions of these models assume that sellers
are homogeneous with respect to the quality of their product and their marginal cost.
Some later versions of these models allow for seller heterogeneity with respect to either the
quality of the product (see, e.g., Bontemps, Robin and Van den Berg 2000) or marginal
cost (see, e.g., Menzio and Trachter 2018). Heterogeneity is, however, exogenous. We
contribute to this literature by studying a version of these models in which sellers choose
the quality of their product through an ex-ante costly investment. Our main finding is
that search frictions not only cause sellers to offer different surpluses but also cause them
to choose different qualities. Our main finding is related to Robin and Roux (2002) and
Acemoglu and Shimer (2000), although the models and the type of heterogeneity are quite
different from ours. Robin and Roux (2002) consider a version of Burdett and Mortensen
(1998) in which firms make an ex-ante investment in capital that affects the marginal
productivity of labor. They find that, under some conditions, firms choose different levels
of capital. Similarly, Acemoglu and Shimer (2000) consider a directed search model of
the labor market in which firms make an ex-ante investment in capital. They find that,
in any equilibrium, firms choose different levels of capital.

The second part of our paper relates to the literature on rising market concentration
and markups (see, e.g., Autor et al. 2020, De Loecker, Eeckhout and Unger 2020, Kehrig
and Vincent 2021). These papers, using a variety of measures, document a rise in market
concentration and markups over the last few decades. In our paper, we show that declining
search frictions due to improvements in information and communication technology may
be a contributing factor to rising concentration of sales and revenues, a finding related to
Rosen (1981). Moreover, we show that declining search frictions change sellers’incentives
to invest in quality and, in particular, increase the quality at the largest sellers and lower
the quality at the smallest sellers. Interestingly, we find that the increase in market
concentration and the increase in quality polarization are all effi cient responses to an
environment that becomes more and more competitive as search frictions become smaller.
Hence, to the extent that increasing concentration and polarization are driven by declining
search frictions, they are benign phenomena, a view that is close to the one suggested
by Autor et al. (2020) and Aghion et al. (2021). In contrast, Gutierrez and Philippon
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(2019) and De Loecker, Eeckhout and Mongey (2021) interpret rising concentration as
the nefarious consequence of rising barriers to entry.

The second part of the paper also contributes to a recent strand of literature that
studies Stiglerian growth (Stigler 1961), i.e., the contribution of declining search frictions
to economic growth. Menzio (2021) considers a version of Burdett and Judd (1983) in
which sellers choose how much to horizontally differentiate their variety of the product.
That is, sellers choose the degree of specificity of their variety of the product, where
higher specificity implies that their variety is liked by a smaller fraction of buyers but
gives them more utility. Under some conditions, the market follows a Balanced Growth
Path as search frictions become smaller. That is, the variety and the price distributions
grow at a constant rate, and so do the payoffs to buyers and sellers. The growth rate of
payoffs depends on the rate at which search frictions decline and on the elasticity of the
buyers’utility function with respect to the degree of specialization of a variety. In this
paper, we consider a version of Burdett and Judd (1983) in which sellers choose how much
to vertically differentiate their variety of the product. We show that, when differentiation
is vertical, the market does not follow a BGP as search frictions decline. Rather, the
variety and the surplus distributions change shape and become more and more skewed.
The payoffs to buyers and sellers, however, do grow at a constant rate, which depends on
the rate at which search frictions decline and on the elasticity of the sellers’cost function.1

Martellini and Menzio (2020, 2021) consider a version of Mortensen and Pissarides (1994)
in which there is horizontal differentiation between workers and firms, in the sense that
the productivity of a firm-worker match depends on their distance along a circle. Under
some conditions, they find that the labor market follows a BGP as search frictions decline.
Specifically, unemployment, vacancies and transition rates remain constant, while labor
productivity grows at a constant rate.

In the next section, we set up the model and prove the existence of a unique equilib-
rium. We solve for the equilibrium in closed form, and we show that the equilibrium is
constrained effi cient in the sense that the equilibrium distribution of quality across sell-
ers is the same as the distribution that a social planner would choose. In Section 3, we
analyze the effects on the market of decreasing search frictions. We show the effect of
reducing search frictions on both market structure and welfare. The final section contains
concluding remarks.

2 Equilibrium

In this section, we establish the existence, uniqueness and effi ciency of equilibrium in a
version of Butters (1977), Varian (1980) and Burdett and Judd (1983) in which sellers
invest in the quality of their variety of the product. We find that the equilibrium is such

1In the context of a different model, Bar-Isaac, Caruana, Cunat (2012) study the effect of declining
search frictions on the incentives of sellers to either vertically or horizontally differentiate.
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that identical sellers choose different qualities and those who choose a higher quality offer
higher surplus to their customers. We derive a simple closed-form expression for both the
distribution of quality across sellers and for the mapping between a seller’s quality and
the surplus the seller offers. We also show that the equilibrium allocation coincides with
the allocation that solves the problem of a utilitarian social planner.

2.1 Environment

We consider the market for some consumer good. The market is populated by a positive
measure of buyers and by a positive measure of sellers, where θ > 0 denotes the ratio
between the measure of buyers and the measure of sellers. Every buyer in the market
demands a single unit of the good. A buyer who purchases a unit of the good with quality
y at price p obtains a payoff of y − p. A buyer who fails to purchase the good receives a
payoff of 0.

Every seller in the market designs its own variety of the good. A seller pays the cost
c(y) in order to design a variety of the good with quality y ≥ 0, where c(y) is a strictly
increasing and strictly convex function such that c(0) = 0, c′(0) = 0 and c′(∞) =∞. For
the sake of simplicity, we focus on the case in which the design cost function c(y) has the
isoelastic form c(y) = yγ with γ > 1. After paying the design cost c(y), the seller can
produce any quantity of its variety of the good at a constant marginal cost, which we
normalize to 0. A seller obtains a payoff of qp− c(y) from designing a variety of the good
with quality y and selling q units of it at the price p.

The market is subject to search frictions in the sense that a buyer cannot simply
purchase the good from any seller in the market, but rather can only purchase from a
seller that the buyer has contacted. A buyer contacts n randomly-selected sellers, where n
is drawn from a Poisson distribution with mean λ > 0. A buyer observes the quality y and
the price p of the variety sold by each of the n sellers contacted, and then decides whether
to purchase the good and, if so, from which of the n sellers. Clearly, the buyer finds it
optimal to purchase the good from the seller that offers the highest surplus s ≡ y − p, as
long as s is positive. If the buyer is offered the same surplus by multiple sellers, the buyer
chooses one at random.

We can now define an equilibrium in this market.

Definition 1. An equilibrium is a quality distribution H(y) and a surplus distribution
F (s) such that:

1. Every seller chooses a quality y and a surplus s that maximize its expected payoff,
taking as given H(y), F (s), and the buyers’strategies;

2. The distributions H(y) and F (s) are consistent with the sellers’strategies.
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2.2 Existence and uniqueness

We now establish the existence and uniqueness of equilibrium and solve for the equilibrium
quality distribution H and the equilibrium surplus distribution F in closed form. As in
Butters (1977), Varian (1980), and Burdett and Judd (1983), we first derive a number of
properties that must hold in any equilibrium and that, when taken together, identify a
unique candidate equilibrium. Then, we verify that the unique candidate equilibrium is
indeed an equilibrium.

To start, we derive the contact and trade probabilities for buyers and sellers. A buyer
contacts n sellers with probability

λn
e−λ

n!
for n = 0, 1, 2, ... (2.1)

A seller expects to meet θλ buyers. The probability that any one of those buyers contacts
exactly k other sellers is λk exp(−λ)/k!.The seller therefore expects to meet θk buyers who
are in contact with k other sellers, where

θk = θ(k + 1)λk+1
e−λ

(k + 1)!
for k = 0, 1, 2, ... (2.2)

A seller expects to meet θ0 buyers who are not in contact with any other seller. As long
as the seller offers a nonnegative surplus s, the seller trades with all of these buyers. The
seller expects to meet θ1 buyers who are in contact with one other seller. As long as s ≥ 0,
the seller trades with any one of these buyers with probability F (s−) + µ(s)/2, where
F (s−) denotes the fraction of sellers offering a surplus strictly smaller than s and µ(s)

denotes the fraction of sellers offering a surplus equal to s. The seller expects to meet θ2
buyers who are in contact with two other sellers. As long as s ≥ 0, the seller trades with
any one of these buyers with probability F (s−)2 + 2µ(s)/2 + µ(s)2/3. Using the same
logic, one can easily derive the probability that the seller trades with a buyer who has a
generic number k of other contacts.

Lemma 1 below states that, in any equilibrium, the maximized profit of a seller, which
we denote by V ∗, is strictly positive. Intuitively, this is because a seller can design a
variety with some low quality y > 0, offer its customers the surplus s = 0, and make a
strictly positive profit by trading with the buyers who are not in contact with any other
seller.

Lemma 1. In any equilibrium, the maximized profit of a seller, V ∗, is strictly positive.

Proof. The profit for a seller that designs a variety of quality y ≥ 0 and offers a surplus
of 0 is greater than or equal to Ṽ (y, 0), where Ṽ (y, 0) is given by

Ṽ (y, 0) = −yγ + θλe−λy. (2.3)
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The first term on the right-hand side of (2.3) is the seller’s cost of designing a variety
of quality y. The second term is a lower bound on the seller’s revenues when it offers a
surplus of 0 to its customers. Given that the seller offers a surplus of 0, only buyers who
are not in contact with any other seller will purchase its variety. The seller expects to
meet θ0 = θλ exp(−λ) such buyers, and each generates revenue y. Noting that Ṽ (0, 0) = 0

and Ṽy(0, 0) > 0, there exists a y0 > 0 such that Ṽ (y0, 0) > 0. Therefore, the maximized
profit of a seller, V ∗, is strictly positive.

Lemma 2 below establishes some key properties of the equilibrium surplus distribution
F . In the context of a model in which the quality y of the product is the same across all
sellers and strictly positive, Butters (1977), Varian (1980) and Burdett and Judd (1983)
show that (i) F has no mass points, (ii) the support of F has no gaps, and (iii) the lower
bound on the support of F is such that the seller offering the lowest surplus extracts all
of the gains from trade. Even though the quality of the product may differ across sellers
in our model, the properties of F are the same as in Butters (1977), Varian (1980) and
Burdett and Judd (1983) because, as implied by Lemma 1, every seller chooses a quality
y that is strictly positive.

Lemma 2. In any equilibrium, the surplus distribution F has no mass points, and its
support is some interval [s`, sh], with 0 = s` < sh.

Proof. The proof of Lemma 2 is the same as in Butters (1977), Varian (1980) and Burdett
and Judd (1983). Let us sketch the proof. The surplus distribution F cannot have a mass
point. Suppose there is a mass point at s0 ≥ 0. Any seller offering s0 has a variety of
quality y0 > s0, since Lemma 1 guarantees that V ∗ > 0. A seller that offers s0 trades with
all of the buyers it meets who do not contact any other seller offering a surplus s ≥ s0.
Moreover, the seller trades with a fraction of the buyers it meets who also meet some
other seller(s) offering s0 but do not contact anyone offering a surplus s > s0. If the seller
were instead to offer surplus s0 + ε, it could trade with all of the buyers it meets who do
not contact any other seller offering a surplus s > s0. Therefore, by offering s0 + ε rather
than s0, the seller increases the quantity sold discretely. Since ε is an arbitrary positive
number and y0 > s0, the seller’s profit is strictly greater at s0 + ε than at s0 for some ε
small enough, which contradicts the definition of equilibrium.

To see that the support of the distribution F has no gaps, suppose there is a gap in
the support of F between s1 and s2, with s1 < s2. Since F (s1) = F (s2), a seller offering
the surplus s2 would trade with the same number of buyers if it deviated and offered the
surplus s1. Since s1 < s2, a seller offering the surplus s2 makes a higher profit per sale
by deviating and offering the surplus s1. Hence, the seller’s profit is strictly greater at s1
than at s2, which contradicts the definition of equilibrium.

Since F has no mass points and no gaps, its support is some interval [s`, sh], with s` < sh.
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To see that s` = 0, suppose that s` were strictly positive. A seller offering the surplus
s` trades with the same number of buyers by deviating and offering a surplus of 0. The
seller’s profit would be strictly greater at 0 than at s`, which contradicts the definition of
equilibrium.

Lemma 2 implies that the surplus distribution F has no mass points. This allows us
to derive a simple expression for the expected profit V (y, s) for a seller that designs a
variety of the product with quality y ≥ 0 and that offers its customers the surplus s ≥ 0.
Specifically,

V (y, s) = −yγ +

[ ∞∑
k=0

θ(k + 1)λk+1
e−λ

(k + 1)!
F (s)k

]
(y − s)

= −yγ + θλe−λ

[ ∞∑
k=0

λkF (s)k

k!

]
(y − s)

= −yγ + θλe−λ(1−F (s))(y − s),

(2.4)

where the second line is obtained by collecting θλe−λ in the first line, and the third line
is obtained by recognizing that the summation in the second line is equal to exp(λF (s)).

The next lemma states that, in any equilibrium, the quality distribution H has no
mass points. This is one of the main findings of our paper. It shows that the existence
of search frictions not only calls for a surplus distribution that is non-degenerate, as
shown in Butters (1977), Varian (1980) and Burdett and Judd (1983), but also for a
quality distribution that is non-degenerate. The reason that the quality distribution must
be non-degenerate differs from the reason that the surplus distribution must be non-
degenerate. The surplus distribution must be non-degenerate because any mass point
in it would create a discontinuity in the level of profit for a seller with respect to the
surplus it offers to its customers. Specifically, as shown above, a mass point at some s0
implies that the profit of a seller would be discretely higher at s0 + ε than at s0 because,
by offering s0 + ε, the seller can outbid a mass of competitors. The quality distribution
must be non-degenerate because any mass point in H would create heterogeneity in the
derivative of the profit of a seller with respect to the quality of its variety. Specifically,
since the surplus distribution must be atomless, a mass point at some y0 means that sellers
with a variety of quality y0 must offer different surpluses to their customers and, hence,
must have different volumes of trade. The derivative of these sellers’profit functions with
respect to their quality, which depends on volume, will be different and, for this reason,
cannot be zero for all of them.

Lemma 3. In any equilibrium, the quality distribution H has no mass points.

Proof. To show a contradiction, suppose H has a mass point at some quality y0 > 0.
Since the surplus distribution F has no mass points, the mass of sellers with a variety of
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quality y0 cannot offer a common surplus. Let s`,0 and sh,0 denote the lowest and highest
surpluses offered by the mass of sellers with a variety y0. The profits for a seller choosing
(y0, s`,0) and for a seller choosing (y0, sh,0) are given by

V (y0, s`,0) = −yγ0 + θλe−λ(1−F (s`,0))(y0 − s`,0), (2.5)

V (y0, sh,0) = −yγ0 + θλe−λ(1−F (sh,0))(y0 − sh,0), (2.6)

where F (sh,0) − F (s`,0) is greater than or equal to the mass of sellers with a variety of
quality y0.

The derivatives of (2.5) and (2.6) with respect to y are

Vy(y0, s`,0) = −γyγ−10 + θλe−λ(1−F (s`,0)), (2.7)

Vy(y0, sh,0) = −γyγ−10 + θλe−λ(1−F (sh,0)). (2.8)

Since F (sh,0) > F (s`,0), Vy(y0, s`,0) < Vy(y0, sh,0). If Vy(y0, s`,0) < 0, the seller choosing
(y0, s`,0) can strictly increase its profit by lowering the quality of its variety. If Vy(y0, sh,0) >
0, the seller choosing (y0, sh,0) can strictly increase its profit by increasing the quality of
its variety. Since Vy(y0, s`,0) < Vy(y0, sh,0), either Vy(y0, s`,0) < 0 or Vy(y0, sh,0) > 0.
Therefore, if H has a mass point at y0, there exists a seller that is not maximizing its
profit.

Having established that, in any equilibrium, sellers must choose a different quality
for their variety of the product, we now want to characterize the relationship between
the quality of a seller’s variety and the surplus that it offers to its customers. Lemma
4 below shows that sellers that choose a higher quality for their variety find it optimal
to offer strictly more surplus to their customers. The intuition behind this property of
equilibrium is that the seller’s profit function is such that a seller with a higher quality
has more to gain from offering a higher surplus to its customers than does a seller with a
lower quality.

Lemma 4. In any equilibrium, the surplus offered by a seller is strictly increasing in the
quality of the seller’s variety.

Proof. Let s1 denote the surplus offered by a seller with a variety of quality y1, and let s2
denote the surplus offered by a seller with a variety of quality y2, where y1 < y2. We first
prove that s1 ≤ s2. Since s1 is optimal for y1 and s2 is optimal for y2, it follows that

θλe−λ(1−F (s1))(y1 − s1) ≥ θλe−λ(1−F (s2))(y1 − s2), (2.9)

θλe−λ(1−F (s2))(y2 − s2) ≥ θλe−λ(1−F (s1))(y2 − s1). (2.10)

Combining (2.9) and (2.10) yields[
e−λ(1−F (s2)) − e−λ(1−F (s1))

]
(y2 − y1) ≥ 0. (2.11)
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The inequality (2.11) implies that exp(−λ(1−F (s2))) is greater than or equal to exp(−λ(1−
F (s1))) and, hence, s2 is greater than or equal to s1.

We now prove that s1 < s2. To show a contradiction, suppose that s1 = s2 = s. The
profits for the sellers choosing (y1, s) and (y2, s) are given by

V (y1, s) = −yγ1 + θλe−λ(1−F (s))(y1 − s), (2.12)

V (y2, s) = −yγ2 + θλe−λ(1−F (s))(y2 − s), (2.13)

Both V (y1, s) and V (y2, s) must be equal to the maximized profit V ∗. Since V (y, s) is
strictly concave in y, V (y1, s) = V (y2, s) = V ∗ implies V (y, s) > V ∗ for all y ∈ (y1, y2),
which contradicts the definition of equilibrium.

Lemma 4 shows that sellers that choose a different quality for their variety of the
product must offer a different surplus to their customers. The next lemma, which follows
from Lemma 3, can be interpreted as a converse to Lemma 4, in that it establishes that
sellers that choose the same quality for their variety of the product must offer the same
surplus to their customers.

Lemma 5. In any equilibrium, all sellers with a variety of the same quality offer the same
surplus.

Proof. To show a contradiction, suppose that sellers with a variety of quality y0 offer
different surpluses. Let s`,0 and sh,0 denote the lowest and highest surplus offered by
these sellers. The profits for a seller choosing (y0, s`,0) and for a seller choosing (y0, sh,0)

are

V (y0, s`,0) = −yγ0 + θλe−λ(1−F (s`,0))(y0 − s`,0), (2.14)

V (y0, sh,0) = −yγ0 + θλe−λ(1−F (sh,0))(y0 − sh,0). (2.15)

Since H cannot have a mass point at y0, F (s`,0) = F (sh,0) and, in turn, V (y0, s`,0) >

V (y0, sh,0). Therefore, a seller choosing (y0, s`,0) does not maximize its profit.

Lemma 5 implies that there exists a function s(y) that maps the quality of the variety
of a seller into the surplus offered by the seller. Lemma 4 implies that the function s(y)

is strictly increasing in the quality of the variety of the seller. When taken together,
Lemmas 4 and 5 imply that F (s(y)) = H(y). That is, the fraction of sellers who offer
a surplus no greater than s(y) is equal to the fraction of sellers with a variety of quality
no greater than y. We use this observation to establish that the support of the quality
distribution H has no gaps.

Lemma 6. In any equilibrium, the support of the quality distribution H has no gaps.

11



Proof. To show a contradiction, suppose that the support of H has a gap between y1 and
y2 with y1 < y2. Since s(y) is strictly increasing in y, it follows that s(y1) < s(y2). Since
F (s(y)) = H(y) and H(y1) = H(y2), it follows that F (s(y1)) = F (s(y2)) and, since the
support of the F distribution has no gaps, s(y1) = s(y2). A contradiction.

Lemma 6 states that the support of the quality distribution H has no gaps. Lemma
3 states that the support of the quality distribution H is non-degenerate. When taken
together, Lemmas 3 and 6 imply that the support of H is some interval [y`, yh] with
y` < yh. Since Lemma 1 implies that all qualities y on the support of H are strictly
positive, it follows that y` > 0.

We can now derive the unique candidate equilibrium. In any equilibrium, the profit
V (y, s(y)) for a seller designing a variety of the product with quality y and offering a
surplus s(y) must equal the maximized profit V ∗ for all y on the support [y`, yh] of the
distribution H. That is, for all y ∈ [y`, yh], we must have

V ∗ = −yγ + θλe−λ(1−F (s(y)))(y − s(y)). (2.16)

Since (y, s(y)) attains the maximized profit, the surplus s(y) must maximize the seller’s
profit given y and, hence, the derivative of the right-hand side of (2.16) with respect to s
must be equal to zero at s(y). That is, for all y ∈ [y`, yh], we must have

λF ′(s(y))(y − s(y))− 1 = 0. (2.17)

For the same reason, the quality y must maximize the seller’s profit given the surplus and,
hence, the derivative of the right-hand side of (2.16) with respect to y must be equal to
zero. That is, for all y ∈ [y`, yh], we must have

−γyγ−1 + θλe−λ(1−F (s(y))) = 0. (2.18)

Using the fact that F (s(y)) = H(y), we can rewrite (2.18) as

γyγ−1 = θλe−λ(1−H(y)). (2.19)

Equation (2.19) states that, for any y ∈ [y`, yh], the distribution H is such that the
marginal cost of designing a variety of quality y, which is given by γyγ−1, is equal to
the marginal benefit of designing a variety of quality y, which is given by the quantity
θλ exp(−λ(1 −H(y))) of output sold by a seller with a variety of quality y that offers a
surplus at the H(y) = F (s(y)) quantile of the surplus distribution. Solving (2.19) with
respect to the equilibrium quality distribution H yields

H(y) = 1 +
γ − 1

λ
log(y) +

1

λ
log
( γ
θλ

)
. (2.20)

The lower bound y` of the support of H must be such that H(y`) = 0 and the upper
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bound yh of the support of H must be such that H(yh) = 1. Solving these equations with
respect to y` and yh yields

y` =

(
θλe−λ

γ

) 1
γ−1

, (2.21)

yh =

(
θλ

γ

) 1
γ−1

. (2.22)

Using (2.21), we can write the equilibrium quality distribution H and its density as

H(y) =
γ − 1

λ
[log y − log y`] , (2.23)

H ′(y) =
γ − 1

λ

1

y
. (2.24)

The equilibrium quality distribution H is log-uniform over the interval [y`, yh]. The lowest
quality on the support of H is such that the marginal cost of designing a product with
quality y`, which is given by γy

γ−1
` , is equal to the marginal benefit of designing a product

with quality y`, which is given by the trade volume θλ exp(−λ) for a seller who offers the
lowest surplus in the market and, hence, only trades with captive buyers. The highest
quality on the support of H is such that the marginal cost of designing a product with
quality yh, which is given by γy

γ−1
h , is equal to the marginal benefit of designing a product

with quality yh, which is given by the trade volume θλ for a seller that offers the highest
surplus in the market and, hence, trades with all the buyers it meets. For any H(y) ∈
(0, 1), the marginal cost of designing a product with quality y is equal to the marginal
benefit, which is given by the trade volume associated with being at the H(y) quantile of
the surplus distribution.

Next, we solve for the equilibrium surplus function s(y). Using the fact that F ′(s(y))s′(y) =

H ′(y) and H ′(y) = (γ − 1)/(λy), we can write (2.17) as

γ − 1

λ
· y − s(y)

s′(y)y
= 1. (2.25)

The expression above states that the marginal benefit of offering the surplus s(y), which is
given by the left-hand side of (2.25), must equal the marginal cost of offering the surplus
s(y), which is given by the right-hand side of (2.25). The expression above is a first-order
differential equation for s(y). The boundary condition for the solution of the differential
equation is s(y`) = 0, since Lemma 2, Lemma 6 and Lemma 4 respectively imply that
the lower bound on the support of the surplus distribution F is zero, the lower bound on
the support of the quality distribution H is y`, and the surplus function s(y) is strictly
increasing in y. The unique solution to (2.25) that satisfies s(y`) = 0 is

s(y) =
γ − 1

γ

[
y − yγ` y1−γ

]
. (2.26)
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The unique candidate equilibrium is given by the quality distribution H in (2.23) and
the surplus function s(y) in (2.26). The candidate equilibrium is a legitimate equilibrium.
To see why this is the case, consider the optimality of the surplus s(y) given a quality
y ∈ [y`, yh]. The derivative of the seller’s profit function with respect to the surplus s is
zero at s = s(y), strictly positive for s < s(y), and strictly negative for s > s(y). Hence,
for any quality y ∈ [y`, yh], a seller maximizes its profit by offering the surplus s(y). Next,
consider the optimality of the quality choice y. By construction of H, the seller attains
a profit of V ∗ for any y ∈ [y`, yh]. For any y < y`, the seller finds it optimal to offer the
surplus s(y`) = 0 and attains profit

V (y, s(y`)) = −yγ + θλe−λy. (2.27)

For any y > yh, the seller finds it optimal to offer the surplus s(yh) and attains profit

V (y, s(yh)) = −yγ + θλ(y − s(yh)). (2.28)

The expression in (2.27) takes the value V ∗ at y = y`, and its derivative with respect to
y is strictly positive for all y < y`. The expression in (2.28) takes the value V ∗ at y = yh,
and its derivative with respect to y is strictly negative for all y > yh. Hence, for any
y /∈ [y`, yh], the seller’s profit is strictly smaller than V ∗.

We have thus established the following theorem.

Theorem 1: (Existence and uniqueness). There exists a unique equilibrium. In equilib-
rium:

1. The quality distribution H(y) is given by (2.23), and is log-uniform over the support
[y`,yh] with 0 < y` < yh, where y`, is given by (2.21) and yh given by (2.22).

2. The surplus function s(y) is given by (2.26), and such that s(y`) = 0 and s′(y`) > 0.

The most important result in Theorem 1 is that, if sellers can choose the quality
of their variety of the product, the existence of search frictions in the market not only
requires dispersion in the payoffs offered by sellers to buyers, but also requires dispersion
in the quality chosen by sellers. The equilibrium quality distribution H(y) is such that
the marginal cost to a seller from designing a variety of quality y is equal to the marginal
benefit, which is given by the quantity of output sold by a seller that is at theH(y) quantile
of the surplus distribution. Given an isoelastic design cost function, the equilibrium
quality distribution H(y) is log-uniform over the interval [y`, yh], where y` is such that the
marginal design cost is equal to the volume sold by a seller offering the lowest surplus in
the market, and yh is such that the marginal design cost is equal to the volume sold by a
seller offering the highest surplus in the market.

Even though the proof of Theorem 1 is quite lengthy, there is a simpler, albeit incom-
plete, argument that can explain the fact that the quality distribution is non-degenerate
as well as its other properties. Consider an equilibrium in which every seller chooses the

14



same quality y∗. As explained in Butters (1977), Varian (1980) and Burdett and Judd
(1983), each seller will offer a different surplus to its buyers but all sellers will enjoy the
same revenues. The seller that offers the lowest surplus, s` = 0, will make a higher revenue
per unit but will only sell to captive buyers. The seller that offers the highest surplus,
sh > 0, will make a lower revenue per unit but will sell to all the buyers it meets. If a seller
deviates from y∗ to y∗− ε, its design cost is (y∗− ε)γ and its revenue is θλ exp(−λ)(y∗− ε)
since the seller with the lowest quality in the market finds it optimal to offer a surplus
of s` = 0 and only trade with captive buyers. If a seller deviates from y∗ to y∗ + ε, its
design cost is (y∗ + ε)γ and its revenue is θλ(y∗ + ε− sh) since the seller with the highest
quality in the market finds it optimal to offer a surplus of sh and trade with all the buyers
it meets. Therefore, to the left of y∗, the marginal cost of increasing y is γy∗γ−1 and the
marginal benefit is θλ exp(−λ). To the right of y∗, the marginal cost of increasing y is
γy∗γ−1 and the marginal benefit is θλ. Since the marginal cost is the same to the left and
to the right of y∗, but the marginal benefit is strictly smaller to the left than to the right
of y∗, there is always a profitable deviation away from y∗.

In order to eliminate these profitable deviations, the discontinuity in the marginal
benefit of increasing y must be eliminated in equilibrium. This is accomplished by gen-
erating a quality distribution H with the following properties: (i) At the lower bound y`
of the support of H, the marginal cost of increasing y is equal to the marginal benefit
θλ exp(−λ) associated with being the lowest-quality seller in the market; (ii) At the upper
bound yh of the support of H, the marginal cost of increasing y is equal to the marginal
benefit θλ associated with being the highest-quality seller in the market; (iii) Everywhere
on the support of H, the marginal cost of increasing y is equal to the marginal bene-
fit θλ exp(−λ(1 − H(y))) associated with being a seller at the H(y) quantile. For any
y < y`, the marginal cost is strictly smaller than the marginal benefit, as the marginal
cost is strictly increasing in y and the marginal benefit is constant for all y ≤ y`. For any
y ≥ yh, the marginal cost is strictly greater than the marginal benefit, as the marginal
cost is strictly increasing in y and the marginal benefit is constant for all y ≥ yh. For any
y ∈ (y`, yh), the marginal cost and the marginal benefits are equal. Therefore, a seller’s
payoff attains its maximum if and only if y ∈ [y`, yh]. There are no profitable deviations.

The argument above is incomplete as it only establishes the existence of an equilib-
rium in which the quality distribution has properties (i), (ii) and (iii). The full proof
of Theorem 1 establishes that the unique equilibrium is such that the quality distribu-
tion has properties (i), (ii) and (iii). The proof is useful because it shows that search
frictions– by generating dispersion in the quantity of output sold by different sellers and,
hence, by generating dispersion in the marginal benefit of investing in quality– require
the equilibrium to feature dispersion in the quality of the variety designed by different
sellers. The proof also shows how to construct the quality distribution. The proof does
not rely on the design cost function being isoelastic. Indeed, the argument applies to any
design cost function c(y) that is strictly increasing, strictly convex and such that c′(0) = 0
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and c′(∞) =∞. In addition, the proof does not rely on the buyers contacting a number of
sellers drawn from a Poisson distribution. Indeed, the proof applies to any search process
such that a buyer has a strictly positive probability of contacting one seller, and a strictly
positive probability of contacting multiple sellers.

2.3 Effi ciency

We next formulate and solve the problem of a utilitarian social planner and, in turn,
establish the welfare properties of equilibrium. A utilitarian social planner maximizes the
sum of the payoffs to buyers and sellers in the market. The planner chooses the quality of
the variety for each seller and from which seller each buyer should purchase the product.
The first choice is conveniently represented by a non-decreasing function y(x) that maps
the quantile x of a seller in the distribution of quality into the quality y of their product.
The second choice is trivial. If a buyer contacts n sellers, the planner finds it optimal for
the buyer to purchase the product from the seller that has a product with the highest
quality since this maximizes the sum of the sellers’and buyers’payoffs.

Formally, the problem of a utilitarian social planner is

W = max
y(x)

(
−
∫ 1

0

y(x)γdx+

∫ 1

0

θλe−λ(1−x)y(x)dx

)
(2.29)

s.t. y(x) non-decreasing in x.

The first term in the parentheses is the total cost to the sellers from designing their
varieties of the product. This cost is the integral for the quantile x going from 0 to 1 of
the cost y(x)γ of designing a variety of quality y(x). The second term is the total benefit
to buyers and sellers from trading. This benefit is the integral for the quantile x going
from 0 to 1 of the quantity sold by a seller with quality y(x) times the sum of the payoff
to the seller and each of its customers. The quantity sold by a seller with quality y(x) is
given by the number of buyers θλ exp(−λ(1− x)) who meet the seller and who are not in
contact with any seller at a higher quantile of the distribution. The sum of the payoffs to
the seller and each of its customers is simply y(x).

It is useful to express the planner’s choice y(x) as y(0) +
∫ x
0
y′(z)dz. That is, it is

useful to break down the planner’s choice into the choice of the lowest quality designed
by a seller, y(0), and the derivative of the quality with respect to the quantile, y′(x).
Abstracting momentarily from the constraint y′(x) ≥ 0, the planner’s problem (2.29) can
then be written as

W = max
y(0),y′(x)

−
∫ 1

0

(
y(0) +

∫ x

0

y′(z)dz

)γ
dx+

∫ 1

0

θλe−λ(1−x)
(
y(0) +

∫ x

0

y′(z)dz

)
dx

(2.30)
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The first order condition of (2.30) with respect to y(0) is∫ 1

0

γy(x)γ−1dx =

∫ 1

0

θλe−λ(1−x)dx. (2.31)

The first order condition of (2.30) with respect to y′(x) is∫ 1

x

γy(z)γ−1dz =

∫ 1

x

θλe−λ(1−z)dz. (2.32)

The expressions (2.31) and (2.32) are intuitive. The left-hand side of (2.31) is the marginal
cost of increasing y(0), which is the additional design cost from raising the quality y(x)

for all x ∈ [0, 1]. The right-hand side of (2.31) is the marginal benefit of increasing y(0),
which is the additional payoff to buyers and sellers from increasing the quality of the
product in all trades. The left-hand side of (2.32) is the marginal cost of increasing y′(x),
which is the additional design cost from raising the quality of the variety of all sellers at
a quantile z above x. The right-hand side of (2.32) is the marginal benefit of increasing
y′(x), which is the additional payoff to buyers and sellers from increasing the quality of
the variety of all sellers at a quantile z above x.

Differentiating (2.32) with respect to x yields

γy(x)γ−1 = θλe−λ(1−x). (2.33)

The solution of (2.33) with respect to y(x) is

y(x) =

(
θλ

γ
exp(−λ(1− x))

) 1
γ−1

. (2.34)

The expression for y(x) in (2.34) is the solution to the relaxed version of the planner’s
problem, in which the constraint y′(x) ≥ 0 is removed. Since y(x) in (2.34) is strictly
increasing in x, it is also the solution to the actual planner’s problem, the problem in
which the constraint y′(x) ≥ 0 is included.

In equilibrium, the quality distributionH is given by (2.23). The x-th quantile, y(x), of
the equilibrium quality distribution is given by the solution to the equation H(y(x)) = x,
which is

y(x) = y(0) exp(xλ/(γ − 1)) (2.35)

=

(
θλ

γ
exp(−λ(1− x))

) 1
γ−1

,

where the second line makes use of the fact that y(0) = y`, which is given by (2.21).
Comparing (2.35) and (2.34), one can see that the x-th quantile of the quality distribution
is the same in equilibrium and in the solution to the social planner problem. Moreover,
the quantity sold by a seller at the x-th quantile is the same in equilibrium and in the
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solution to the social planner problem since in equilibrium and in the planner’s solution,
a seller at the x-th quantile trades with all the buyers contacted who do not contact any
seller at a higher quantile.

We have thus established the following.

Theorem 2 (Effi ciency) The equilibrium is effi cient in the sense that it decentralizes the
solution to the problem of a utilitarian social planner.

Theorem 2 implies that the socially effi cient quality distribution is non-degenerate.
Why would a social planner ask different sellers to choose different qualities for their
varieties of the product? Suppose the social planner asks all sellers to choose the same
quality y∗. In this case, a buyer who contacts only one seller generates a social value of y∗

and a buyer who contacts multiple sellers also generates a social value of y∗. Suppose now
that the social planner asks different sellers to choose a different quality while keeping the
average quality fixed at y∗. In this case, a buyer who contacts only one seller generates an
expected social value of y∗. A buyer who contacts multiple sellers, however, can choose
between different sellers and their different qualities and pick the best. Hence, a buyer
who contacts multiple sellers generates an expected social value greater than y∗. By
spreading the quality distribution around y∗, the planner increases the expected value of
a transaction between a buyer and a seller. On the other hand, since c(y) is convex, the
planner increases the total design by spreading the quality distribution around y∗. Yet,
since a small spread in the quality distribution around y∗ has a first-order effect on the
expected value of a transaction between a buyer and a seller and only a second-order
effect on the total design cost, the planner finds it optimal to have different sellers choose
a different quality for their variety of the product.

More specifically, Theorem 2 states that the socially effi cient quality distribution is
exactly the same as in equilibrium. To understand this, consider the planner’s choice of
y(x), the quality for a seller at the x-th quantile of the distribution. The marginal cost
of increasing y(x) is the same for the planner and for a seller. The marginal benefit of
increasing y(x) for the planner is the value of increasing the sum of the payoffs to the
seller and all of its buyers given that the seller trades with a buyer if and only if that
buyer is not in contact with a seller at a higher quantile of the distribution. This is the
same as the marginal benefit of increasing y(x) for a seller, since a seller at the x-th
quantile of the quality distribution finds it optimal to locate at the x-th quantile of the
surplus distribution. It then follows that the planner’s optimality condition coincides with
the one of a private seller, and the solution to the planner’s problem coincides with the
equilibrium.

The intuition behind Theorem 2 makes it clear that the effi ciency of equilibrium does
not rely on the assumption that the design cost function c(y) is isoelastic, nor does it
depend on the assumption that a buyer contacts a number of sellers drawn from a Poisson
distribution. The effi ciency of equilibrium extends to any design cost function c(y) that
is increasing, convex and such that c′(0) = 0 and c′(∞) = ∞. Similarly, the effi ciency
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of equilibrium extends to any search process such that a buyer has a strictly positive
probability of contacting only one seller and a strictly positive probability of contacting
multiple sellers.

3 Declining search frictions

We now use our model of vertical differentiation in a frictional product market to under-
stand the consequences of declining search frictions due to, for example, improvements
in information and communication technologies that make it easier for buyers to come
into contact with sellers. We model declining search frictions as an increase in λ, the
expected number of sellers that a buyer contacts. In terms of market structure, we find
that declining search frictions increase sales concentration —in the sense that the share of
output sold by the biggest sellers becomes larger and larger —and increase quality polar-
ization —in the sense that the varieties designed by the biggest sellers become better and
better, while the varieties designed by the smallest sellers become worse and worse. In
terms of payoffs, we find that declining search frictions increase the total gains from trade
while keeping the shares of the gains from trade accruing to buyers and sellers unchanged.
Similarly, we find that declining search frictions increase total welfare, but the share of
welfare accruing to buyers converges to one, while the share of welfare accruing to sellers
converges to zero.

3.1 Declining search frictions and market structure

We begin by considering the effect of declining search frictions on the quantity of output
sold by different sellers. A seller at the x-th quantile of the quality distribution H is a
seller at the x-th quantile of the surplus distribution F and, hence, the quantity it sells
is given by

q(x) = θλe−λ(1−x). (3.1)

The derivative of q(x) with respect to λ is

dq(x)

dλ
= q(x)

1− λ(1− x)

λ
. (3.2)

The derivative in (3.2) is negative for all x < 1 − 1/λ, and positive for all x > 1 − 1/λ.
Therefore, as long as λ > 1, a decline in search frictions causes the quantity sold by sellers
at the bottom of the distribution to fall, and the quantity sold by sellers at the top of the
distribution to rise. This finding is easy to understand. As search frictions decline, buyers
come into contact with more sellers. For this reason, buyers are more likely to purchase
the good from a seller that offers a high surplus and are less likely to purchase the good
from a seller that offers a low surplus.

Declining search frictions lead to an increase in sales concentration. As one can see
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from (3.1), sellers at a higher quantile of the distribution are larger in the sense that they
sell more units of output than do sellers at a lower quantile of the distribution. As one can
see from (3.2), declining search frictions further increase the gap between the quantity
sold by sellers at a higher quantile of the distribution and the quantity sold by sellers
at a lower quantile of the distribution and, hence, declining search frictions lead to an
increase in market concentration. Formally, let Q(z) denote the fraction of output sold
by the z largest sellers– i.e., the sellers that are above the (1− z)-th quantile of the sales
distribution. Since the size of a seller is monotonic in the seller’s quality, Q(z) is given by

Q(z) =

∫ 1
1−z q(x)dx∫ 1
0
q(x)dx

=
1− e−λz
1− e−λ . (3.3)

The derivative of Q(z) with respect to λ is

dQ(z)

dλ
=
e−λ(1+z)

(
1− z + zeλ − eλz

)
(1− e−λ)2

> 0. (3.4)

Next, we consider the effect of declining search frictions on the quality distribution.
As shown earlier in (2.35), the quality y(x) of the variety produced by a seller at the x-th
quantile of the H distribution is given by

y(x) =

(
θλ

γ
e−λ(1−x)

) 1
γ−1

. (3.5)

The derivative of y(x) with respect to λ is

dy(x)

dλ
=

y(x)

γ − 1
· 1− λ(1− x)

λ
. (3.6)

The derivative (3.6) is negative for all x < 1− 1/λ, and positive for all x > 1− 1/λ. As
long as λ > 1, declining search frictions lead to a decline in the quality of the varieties
designed by sellers at the bottom of the distribution and to an increase in the quality of
the varieties designed by sellers at the top of the distribution. In this sense, declining
search frictions lead to an increased polarization of the quality distribution. The intuition
behind this finding is simple. As search frictions decline, the quantity of output sold by
sellers at the bottom of the distribution falls and, as a result, these sellers find it optimal
to reduce the quality of their varieties. In contrast, the quantity of output sold by sellers
at the top of the distribution increases and, as a result, these sellers find it optimal to
increase the quality of their varieties.

Using (2.26), (2.21), and (3.5), the surplus s(x) ≡ s(y(x)) offered by a seller at the
x-th quantile of the distribution can be written as

s(x) =
γ − 1

γ
·
(
θλ

γ

) 1
γ−1

· e−
λ(1−x)
γ−1

(
1− e−

λγx
γ−1

)
. (3.7)
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The derivative of the surplus s(x) with respect to λ is

ds(x)

dλ
=
y(x)

γ

[(
1− e−

λγx
γ−1

) 1− λ(1− x)

λ
+ γxe−

λγx
γ−1

]
. (3.8)

The derivative in (3.8) is strictly positive for all x > 1 − 1/λ. Declining search frictions
affect the surplus offered by sellers through two channels. First, taking as given the quality
distribution, declining search frictions increase competition and, hence, drive the surplus
offered by a seller towards the quality of the seller’s variety. Second, declining search
frictions affect the quality distribution. For x > 1 − 1/λ, sellers increase the quality of
their variety and this tends to increase the surplus offered by these sellers. For x < 1−1/λ,
sellers reduce the quality of their variety and this tends to decrease the surplus offered by
these sellers. Therefore, for x > 1− 1/λ, the effect of declining search frictions on surplus
is positive through both channels. For x < 1− 1/λ, the effect of declining search frictions
on surplus is positive through the first channel and negative through the second one, and
the surplus may decrease.

The revenues for a seller at the x-th quantile of the distribution are

r(x) = θλe−λ(1−x)(y(x)− s(x)) (3.9)

= θλe−λ(1−x)
(
θλe−λ(1−x)

γ

) 1
γ−1
(

1

γ
+
γ − 1

γ
e−

λγx
γ−1

)
=

(
θλe−λ(1−x)

γ

) γ
γ−1 (

1 + (γ − 1)e−
λγx
γ−1

)
=

(
θλe−λ

γ

) γ
γ−1 (

e
λγx
γ−1 + (γ − 1)

)
.

The derivative of r(x) with respect to λ is

dr(x)

dλ
= y(x)γ

(
γ

γ − 1

)[
1− λ(1− x)

λ
−
(

1− 1

λ

)
(γ − 1)e−

λγx
γ−1

]
. (3.10)

To understand the effect of declining search frictions on the revenues of a seller, it is
useful to look at the first line on the right-hand side of (3.9). A decline in search frictions
affects the quantity sold by a seller at the x-th quantile of the distribution. This effect is
positive for all x > 1 − 1/λ, and negative otherwise. A decline in search frictions affects
the quality of the variety designed by a seller at the x-th quantile of the distribution. This
effect is positive for x > 1 − 1/λ, and negative otherwise. A decline in search frictions
affects the surplus offered by a seller at the x-th quantile of the distribution. This effect
is positive for all x > 1 − 1/λ. For x ≤ 1 − 1/λ, the overall effect of declining search
frictions on revenues is negative. For x > 1− 1/λ, the effect is generally ambiguous. For
λ large enough, however, the effect is unambiguously positive for all x > x(λ), for some
x(λ) ∈ (1− 1/λ, 1).
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Just like decreasing search frictions lead to an increase in sales concentration, they
lead to an increase in revenue concentration. Formally, let R(z) denote the fraction of
revenues enjoyed by the z highest-revenue sellers– namely the sellers above the (1− z)-th
quantile in the revenue distribution. Since the revenues of a seller are monotonic in the
seller’s quality, R(z) is given by

R(z) =

∫ 1
1−z r(x)dx∫ 1
0
r(x)dx

=
1− e−

λγz
γ−1 + λγze−

λγ
γ−1

1− e−
λγ
γ−1 + λγe−

λγ
γ−1

. (3.11)

The derivative of R(z) with respect to λ is given by

dR(z)

dλ
= Φ z

[
(λγ − 1) e−

λγz
γ−1 − (γ − 1) e−

λγ
γ−1 + e

λγ(1−z)
γ−1 − γ(λ− 1)− 1

]
+γ (λ− 1)

(
1− e−

λγz
γ−1

)
,

(3.12)

which, with a bit of algebra, can be rewritten as

dR(z)

dλ
= Φ z

[
e
λγ(1−z)
γ−1 − 1 + (γ − 1)e−

λγz
γ−1

(
1− e−

λγ(1−z)
γ−1

)]
+γ(λ− 1)(1− z)

(
1− e−

λγz
γ−1

)
,

(3.13)

where Φ is strictly positive. As long as λ > 1, the derivative of R(z) with respect to λ
is unambiguously positive. This finding is intuitive. Since r(x) is strictly increasing in
x, high-quality sellers enjoy higher revenues than low-quality sellers. As search frictions
become smaller, the revenues enjoyed by the highest-quality sellers increase, while the
revenues enjoyed by the lowest-quality sellers decrease. Hence, as search frictions become
smaller, the share of revenues of the highest-quality sellers increases.

The following theorem summarizes our findings.
Theorem 3 (Declining search frictions and market structure). The effects of declining
search frictions on market structure are:

1. Higher sales and revenues concentration: The share Q(z) of the output sold by the
z largest sellers is increasing in λ for all z ∈ [0, 1]; the share R(z) of revenues of
the z largest sellers is increasing in λ for all z ∈ [0, 1] and λ > 1.

2. Higher quality polarization: The quality y(x) of the variety sold by a seller at the
x-th quantile of the H distribution is increasing in λ for x > 1−1/λ, and decreasing
in λ for x < 1− 1/λ.

3. Higher surplus and revenues at the top: The surplus s(x) offered by a seller at the x-
th quantile of the H distribution is increasing in λ for all x > 1−1/λ; the revenues
r(x) for a seller at the x-th quantile of the H distribution are increasing in λ for
all x > x(λ) and λ large enough, with x(λ) > 1− 1/λ.
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Theorem 3 contains a description of the kind of transformation that a product market
undergoes as search frictions become smaller. When search frictions are relatively large,
the product market is balanced. The difference in the quality of the variety designed by
different sellers is small, the differences in the market share of different sellers is small, and
all sellers enjoy similar revenues. As search frictions become smaller, the product market
becomes more and more unbalanced. A small and decreasing fraction of sellers design a
variety of the product of higher and higher quality, while a large and increasing fraction of
sellers design a variety with decreasing quality. High-quality sellers capture a larger and
larger share of the market and, in this sense, become super-star firms, while low-quality
sellers capture a falling share of the market and, in this sense, become marginal. High-
quality sellers enjoy larger and larger revenues, while the revenues of low-quality sellers
decrease.

Search frictions act as a balancing force in the product market in two ways. First,
as noted by Rosen (1981), frictions prevent higher quality sellers from taking over the
market even though buyers unanimously prefer their variety of the product. Second, as
shown here, frictions limit the difference in the return to quality investment for high-
and low-ranked sellers and, hence, they limit the difference in the quality of the products
designed by high- and low-ranked sellers. In addition, they limit the difference in the
revenues enjoyed by different sellers.

The transformation of the product market that is triggered by declining search frictions
leads to a number of phenomena that are typically associated with market dysfunction
such as higher sales concentration, higher revenue concentration, and higher quality con-
centration. Yet, the increase in sales, revenue and quality concentration are an effi cient
response to a changing environment. Indeed, as search frictions become smaller, it is effi -
cient for quality to become concentrated into a smaller fraction of sellers, and it is effi cient
for this smaller fraction of sellers to capture a larger share of sales, and it is effi cient for this
smaller fraction of sellers to capture a larger share of the revenues. Moreover, increasing
sales, revenue and quality concentration are typically interpreted as symptoms of increas-
ing market power. Instead, here they are consequences of the increase in competition
caused by declining search frictions.

Finally, we note that the effect of declining search frictions described in Theorem 3
does not depend qualitatively on our assumptions about the shape of the design cost
function or the nature of the search process. As long as declining search frictions lead to
an increase in the number of sellers contacted by each buyer, they will lead to an increase
in sales concentration. As long as the design cost function is increasing and convex, the
increase in sales concentration will lead to a fanning out of the quality distribution. Since
all sellers are ex-ante identical, the fanning out of the quality distribution will lead to an
increase in the dispersion of revenues across sellers.
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3.2 Declining search frictions, gains from trade and welfare

We next examine the effects of declining search frictions on the total gains from trade
realized in the product market and on their division between buyers and sellers. The total
gains from trade, G, are given by

G =

∫ yh

y`

θλe−λ(1−H(y))ydH(y)

=

∫ yh

y`

θ(γ − 1)

(
y

yh

)γ−1
dy

= θ
γ − 1

γ

(
1

yh

)γ−1
[yγh − y

γ
` ]

= θ
γ − 1

γ

(
θλ

γ

) 1
γ−1 [

1− e−
λγ
γ−1

]
,

(3.14)

where the second line makes use of the fact that H(y) is given by (2.23), the third line
solves the integral in the second line, and the last line makes use of the fact that y` and yh
are given by (2.21) and (2.22). The derivative of the total gains from trade with respect
to λ is

dG

dλ
=

(
γλ

θ

)− γ
γ−1 [

1− (1− λγ)e−
λγ
γ−1

]
> 0. (3.15)

The elasticity of G with respect to λ is

dG

dλ

λ

G
=

1

γ − 1
· 1− (1− λγ)e−

λγ
γ−1

1− e−
λγ
γ−1

> 0. (3.16)

As search frictions decline, the gains from trade increase. This finding is intuitive. As
search frictions decline, buyers come into contact with more sellers. For this reason,
buyers become more likely to purchase from sellers who offer a high surplus, who happen
to be sellers with a high-quality variety and, hence, high gains from trade. Moreover, as
search frictions decline, the sellers who offer a high surplus find it optimal to increase the
quality of their variety and, hence, the gains from trade. The elasticity of the total gains
from trade with respect to λ is positive and, as one can see from (3.16), it converges to
1/(γ − 1) as λ→∞.
The gains from trade accruing to the buyers, Gb, are given by

Gb =

∫ yh

y`

θλe−λ(1−H(y))s(y)dH(y)

= θ

(
γ − 1

γ

)2(
θλ

γ

) 1
γ−1
[
1−

(
1 +

λγ

γ − 1

)
e−

λγ
γ−1

]
,

(3.17)

where the second line makes use of the fact that y`, yh, H(y) and s(y) are given by (2.21),
(2.22), (2.23) and (2.26). The derivative of the buyers’gains from trade with respect to
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λ is

dGb

dλ
= θ

(
γ − 1

γ

)2(
θλ

γ

) 1
γ−1 1

λ(γ − 1)

[
1−

(
1 +

λγ

γ − 1
(1− λγ)

)
e−

λγ
γ−1

]
> 0. (3.18)

The elasticity of Gb with respect to λ is

dGb

dλ

λ

Gb

=
1

γ − 1
·

1−
(

1 +
λγ

γ − 1
(1− λγ)

)
e−

λγ
γ−1

1−
(

1 +
λγ

γ − 1

)
e−

λγ
γ−1

> 0. (3.19)

As search frictions decline, the buyers’gains from trade increase. This finding is also easy
to understand. As search frictions decline, buyers come into contact with more sellers and,
hence, they are more likely to purchase the good from sellers who offer a high surplus.
Moreover, as search frictions decline, the sellers who offer a high surplus find it optimal
to increase their offers. The elasticity of the buyers’gains from trade with respect to λ is
positive and, as one can see from (3.19), it converges to 1/(γ − 1) as λ→∞.
The gains from trade accruing to the sellers, Gs, are

Gs =

∫ yh

y`

θλe−λ(1−H(y))(y − s(y))dH(y)

= θ
γ − 1

γ2

(
θλ

γ

) 1
γ−1 [

1− (1− λγ) e−
λγ
γ−1

]
.

(3.20)

The derivative of the sellers’gains from trade with respect to λ is

dGs

dλ
= θ

1

λγ2

(
θλ

γ

) 1
γ−1 [

1−
(
1− λγ − λγ2 + λ2γ2

)
e−

λγ
γ−1

]
(3.21)

The elasticity of Gs with respect to λ is

dGs

dλ

λ

Gs

=
1

γ − 1
·

1−
(
1− λγ − λγ2 + λ2γ2

)
e−

λγ
γ−1

1− (1− λγ) e−
λγ
γ−1

. (3.22)

The sellers’gains from trade are increasing in λ for λ suffi ciently large. As λ → ∞, the
elasticity of the sellers’gains from trade with respect to λ converges to 1/(γ−1), the same
as the elasticity of the buyers’gains from trade and of the total gains from trade. This
finding is surprising. Indeed, as search frictions decline, ex-post competition increases,
and sellers are induced to offer a surplus that is closer and closer to the buyers’valuation.
This argument would be complete if the distribution of qualities across varieties were
fixed. However, as search frictions decline, low-quality sellers respond by further reducing
the quality of their varieties, and high-quality sellers respond by further increasing the
quality of their varieties. The fanning out of the quality distribution reduces the extent
of ex-post competition faced by high-quality sellers. The force increasing and the force
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decreasing ex-post competition exactly offset each other, and the sellers’ share of the
gains from trade remains constant as λ→∞. The finding is not only surprising, but also
critical. Indeed, if the sellers’gains from trade were falling as search frictions decline,
sellers would not be able to recoup their investments, the quality distribution would fall
and, eventually, the market would collapse.

The buyers’welfare, Wb, is equal to Gb. The sellers’welfare, Ws, is equal to V ∗. In
turn, V ∗ is equal to the payoff for a seller who designs a variety of the product with quality
y`, offers a surplus of 0, and sells only to captive buyers. That is,

Ws = −yγ` + θλe−λy` = (γ − 1)

(
θλe−λ

γ

) γ
γ−1

. (3.23)

The derivative of Ws with respect to λ is

dWs

dλ
= −

(
θλe−λ

γ

) γ
γ−1 γ(λ− 1)

λ
. (3.24)

As long as λ > 1, the derivative of the sellers’welfare with respect to λ is negative, and,
as λ → ∞, the sellers’welfare converges to zero. As search frictions decline, the sellers’
gains from trade grow at the constant rate 1/(γ − 1). But, as search frictions decline, a
larger and larger share of the sellers’gains from trade is spent investing in quality. In this
sense, while declining search frictions do not increase ex-post competition among sellers,
they do increase ex-ante competition and drive the sellers’ex-ante payoffs to zero.

Welfare is given by the sum of buyers’and sellers’payoffs. That is,

W = Wb +Ws (3.25)

= θ

(
γ − 1

γ

)2(
θλ

γ

) 1
γ−1 [

1− e−
λγ
γ−1

]
.

The derivative of W with respect to λ is

dW

dλ
= θ
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γ − 1
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)2(
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) 1
γ−1 1

λ(γ − 1)

[
1− (1− λγ)e−
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γ−1

]
> 0. (3.26)

The elasticity of W with respect to λ is

dW

dλ

λ

W
=

1

γ − 1
· 1− (1− λγ)e−

λγ
γ−1

1− e−
λγ
γ−1

> 0. (3.27)

The derivative of the buyers’welfare with respect to λ is positive, and the derivative of
the sellers’welfare with respect to λ is negative. The effect of λ on the buyers’payoff
dominates and total welfare increases with λ. This finding is not surprising, since the equi-
librium allocation decentralizes the solution to the planner’s problem, and the maximized
value of the planner’s problem is obviously increasing in λ. The elasticity of total welfare
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with respect to λ is positive and, as one can see from (3.27), it converges to 1/(γ − 1) as
λ→∞.
The following theorem summarizes our findings.

Theorem 4 (Declining search frictions, gains from trade, and welfare). The effects of
declining search frictions on payoffs are:

1. Higher gains from trade: Total gains from trade G increase with λ. As λ→∞, the
elasticity of G with respect to λ is 1/(γ − 1), and the buyers’and sellers’shares of
the gains from trade remain constant.

2. Higher welfare: Welfare W increases with λ. As λ→∞, the elasticity of W with
respect to λ is 1/(γ−1), the buyers’share of welfare converges to 1, and the sellers’
share converges to 0.

Theorem 4 describes the evolution of ex-post and ex-ante payoffs to buyers and sellers
as search frictions become smaller. The total gains from trade realized in the market (i.e.,
the ex-post payoffs) grow unboundedly as search frictions become smaller and smaller, and
the shares of the gains from trade going to buyers and to sellers converge to some strictly
positive constants. The total welfare (i.e. the ex-ante payoffs) also grows unboundedly
as search frictions become smaller and smaller, but the share of welfare going to sellers
converges to zero and the share going to buyers converges to one. The fact that the
sellers’ share of ex-post payoffs converges to a positive constant implies that ex-post
competition stabilizes at some imperfect level. The fact that the sellers’share of ex-ante
profits converges to zero implies that ex-ante competition becomes perfect. The difference
between the behavior of ex-ante and ex-post competition is due to the fact that, while
sellers are ex-ante identical, they choose to differentiate themselves more and more as
search frictions increase.

Theorems 3 and 4 can be used to understand the path taken by the market as search
frictions become smaller. In particular, suppose that search frictions decline at some
constant rate, in the sense that λ grows at some constant rate gλ > 0. Theorem 3 implies
that the quality distribution and the surplus distribution do not follow a Balanced Growth
Path, in the sense that they do not follow a travelling wave in which every quantile of
these distributions grows at the same rate. Indeed, as λ grows at the rate gλ, the top
quantiles of the quality distribution grow and the bottom quantiles fall. Similarly, as λ
grows at the rate gλ, the top quantiles of the surplus distribution grow and the bottom
quantiles fall. Theorem 4, however, shows that the ex-post and ex-ante aggregate payoffs
do eventually grow at constant rates. As λ grows at the rate gλ, the total realized gains
from trade grow at the rate gλ/(γ− 1), and the shares going to buyers and sellers remain
constant. As λ grows at the rate gλ, the total welfare grows at the rate gλ/(γ − 1), and
the share going to buyers settles at 1, while the share going to sellers settles at 0.

Declining search frictions cause ex-ante and ex-post payoffs to grow at the rate gλ/(γ−
1). The term 1/(γ − 1) is the rate of return to declining search frictions. The rate of
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return to declining search frictions is inversely related to the elasticity of the design cost
function. There is a simple intuition for this finding. As search frictions decline, it is
effi cient for a smaller and smaller fraction of sellers to design varieties with higher and
higher quality and to serve a larger and larger fraction of the buyers. The growth rate
of the quality of the top varieties depends inversely on the elasticity of the design cost
function. If the design cost function has a lower elasticity, the growth rate of the quality
of the top varieties and, in turn, of gains from trade and welfare is higher. If the design
cost function has a higher elasticity, the growth rate of the quality of the top varieties
and, in turn, of gains from trade and welfare is lower.

Lastly, let us point out that declining search frictions lead to higher gains from trade
and higher welfare independently of the specification of the design cost function and of
the nature of the search process. However, the fact that the declining search frictions lead
to a constant growth in the gains from trade and in welfare does rely on the choice of an
isoelastic design cost function and a Poisson search process. With different design cost
functions and search processes, declining search frictions would generate a growth rate in
gains from trade and welfare that need not be constant over time.

4 Concluding Remarks

In this paper, we contribute to the literature on search-theoretic models of imperfect
competition in the spirit of Butters (1977), Varian (1980), Burdett and Judd (1983) by
allowing sellers to choose the quality of their product through an ex-ante costly investment,
i.e., by allowing for endogenous heterogeneity. Our main finding is that search frictions
not only cause sellers to offer different surpluses but also cause them to choose different
qualities. We solve for the unique equilibrium in closed form and show that it is effi cient
in the sense that it coincides with the allocation that would be chosen by a utilitarian
social planner.

We also contribute to the literature on market concentration and polarization.. We
consider the effect on the market of a reduction in search frictions and show that as
search frictions fall, sales and revenues become increasingly concentrated in a smaller and
smaller number of sellers and the distribution of quality across sellers becomes more and
more skewed. Our model thus offers an explanation for the recent increase in market
concentration and polarization that is quite different from the one typically proposed in
the literature.
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